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The Schwinger-Kadanoff-Baym-Keldysh closed time path formalism is fundamentally important 
because it combines the quantum statistical approach with arbitrary field theories. We prove that in 
this approach the Green functions in vacuum at zero temperature and vanishing conserved charges 
are invariant with respect to continuous Lorentz transformations. To make the proof clear we adopt 
the well-known techniques of path integrals and Feynman diagrams tailored especially to the closed 
time path by full use of the properties of complex time. The proof, which is in principle perturbative, 
relies on the quantum electrodynamics Lagrangian and extends to the Standard Model in general. 



I. INTRODUCTION 

Quantum field theory (QFT) is the basis of all mod- 
ern physical theories [TJ [2], including quantum electro- 
dynamics, the Standard Model, and all their approxima- 
tions, in particular nonrelativistic, mean-field and vari- 
ous condensed-matter models. Despite the same root - 
the historical problem of black-body radiation - quan- 
tum particle physics and quantum statistical physics un- 
derwent somewhat separate developments, although in a 
related way. The former lead e.g. to the beautiful Feyn- 
mann diagrams in spacetime [S\ while the latter required 
making the time imaginary, to obtain temperature [U [5] . 
The road to reunify dynamics and statistical physics 
was not straightforward. Schwinger, Kadanoff, Baym, 
Keldysh, [SHE] and others [SJ HH] have constructed the 
closed time path (CTP) formalism, in which the time is 
complex and can represent both the usual time (real axis) 
and the temperature (imaginary axis). The time on the 
real axis flows first forwards and then backwards. This 
happens also in zero-temperature vacuum QFT, where 
the scattering cross sections are given by the modulus 
square of the amplitude. The amplitude and its complex 
conjugate correspond to the forward and backward part 
of the time path, respectively. They are connected via 
Cutkosky rules [TT] . 

The CTP formalism provides a scheme to calculate cor- 
relation functions of physical quantities along the time 
path, defining a family of Green functions [T2HT3]. Due 
to analyticity of time functions, there are numerous re- 
lations between Green functions [T2J [TS], constituting 
generalizations of fluctuation-dissipation theorem (FDT) 
[IS] . The range of applications of CTP is very wide, from 
non-equlibrium in condensed matter systems |17j through 
quantum optics |18j to fundamental theories and cosmol- 
ogy [IH1 [2D]. Since only initial conditions are required 
CTP is sometimes called in-in formalism to distinguish 
it from in-out scattering picture. In static problems in 
equilibrium one can omit the real part of the path and 
work with Matsubara frequencies, corresponding to the 



'Electronic address: Adam.Bcdnorz@fuw.edu.pl 



Fourier transform of the imaginary part of the path. The 
Matsubara formalism is widely used to determine ther- 
modynamic properties and phase transitions of many- 
body systems (H [5] . 

The formalism works fine both in operator and field- 
path- integral way |21j . However, the Lorentz invariance 
of vacuum (ground state) Green functions at zero tem- 
perature and zero average charges is not manifest be- 
cause of the preferred time coordinate to form the com- 
plex contour. To our best knowledge, it is believed only 
intuitively [14j [22] , while the strict proof has never been 
demonstrated. For a comparison, Lorentz invariance of 
individual fields has been shown by Schwinger [23] while 
the invariance of the in-out scattering matrix is textbook 
knowledge [2]. However, for the CTP formalism, one 
needs Lorentz invariance of the full vacuum ground state 
and arbitrary in-in fields. An attempt to prove Lorentz 
invariance by means of energy-momentum representation 
and trying to reduce the proof to familiar in-out ampli- 
tudes raises further problems instead, e.g. pinch singu- 
larities [231 [25], contribution of imaginary times to the 
self-energy [26j [27] and non-factorization of generating 
functional [HI [28l [29] . Using momentum representation 
one can only prove the Lorentz invariance of particular 
classes of diagrams (e.g. lowest-order self-energy of ele- 
mentary particles) but not in general. The Lorentz in- 
variance could be certainly proved only if the underlying 
Lagrangian is Lorentz invariant and conserved charges 
are zero. It has been suggested that Nature may violate 
the invariance directly (by non-invariant Lagrangian) or 
spontaneously (by a Higgs-like mechanism) [3D]- We do 
not discuss these two last possibilities here. 

In this paper, we confirm the common intuition by 
a direct proof. Although formally general, it is better 
to understand it as perturbative. The CTP formalism 
can be indeed formulated both in Hamiltonian and La- 
grangian way under several conditions, satisfied by all 
known QFTs. The zero-temperature vacuum Green func- 
tions are invariant under continuous Lorentz transforma- 
tions. However, the discrete transformations like time- 
reversal and parity have to be treated separately. If the 
underlying Lagrangian is invariant under charge conju- 
gation or parity reflection then the proof remains valid 
for these transformations [31] . Unfortunately, even if the 
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Lagrangian is symmetric with respect to time reversal, 
then CTP is not (except special cases, e.g. at space-like 
points or in scattering problems). In the same way, CTP 
is in general not invariant under joint charge-parity-time 
reversal in contrast to Lagrangian. 

The paper is organized as follows. We firs recall the 
construction of the complex time Hamiltonian and La- 
grangian CTP, defining relevant Green functions, leav- 
ing details on Appendices. These parts are not much 
original, but adopted from various textbooks and papers 
to CTP - with the essential generalization to complex 
times. Then we prove the Lorentz invariance of the zero- 
temperature no-charge vacuum for continuous transfor- 
mations, which is the main original result of this work. 
Finally, we discuss possible pitfalls in a approaches to a 
proof based on momentum representation and the prob- 
lem of time asymmetry. Throughout the paper, we use 
the convention h = c = 1 and ft = l/fc^T. 



II. CTP IN THE HAMILTONIAN PICTURE 

Let us begin with the textbook picture of CTP. The 
starting point of every quantum-mechanical problem is 
the Hcrmitian Hamiltonian operator H in a given Hilbert 
space. The physical quantities are described by Hcrmi- 
tian operators X k corresponding to their classical coun- 
terparts X k (numbers). Depending on the measurement 
scheme, there exists a correspondence between operators 
and measurement outcomes, Xk — > Xk- The system is 
described by its initial state, given by its density ma- 
trix p, which is Hcrmitian, positive definite and normal- 
ized, Trp = 1. It can be always expressed in the form 
P = Ylk Vk | k)(k\, where the states \k) form a complete, 
orthonormal basis in the Hilbert space, (k\q) — 5 kq , and 
SfcPfe = 1, Pfe > 0. Having the initial state, one can 
continuously evolve the state in time t according to the 
Hamiltonian H(t) — >■ H + Hi(t), where H\(t) is the time 
dependent part, due to changing external forces, which 
are assumed to be absent for t < 0. For the main pur- 
pose of this paper, H\ can be omitted. However, the 
whole CTP formalism works perfectly also for nonzero 
Hi, which is necessary in problems involving external 
(changing) forces. The projection postulate defines aver- 
ages in the projective (von Neumann) detection scheme 
[32] for commuting observables, X k Xi — XiX k , 



U.X k (t)) :=Trp 



f e fo iH(t')dt' 
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where 7~(7~) denotes (anti)time ordering of operators in 
the Taylor expansion, namely 

TYi(ti) ■ ■•Y n (t n ) = sgn(cr / )f CT(1) (i (T(1) ) • ••F .(„) (*„•(„)), 

(2) 



Im t 

+ie 



Ret 



-it 



to 



FIG. 1: The Keldysh contour. The path lies infinitesimally 
close to real axis and reverses its direction at some final time 



where a is a permutation such that £<r(i) ^ " ' ' ^ t a / n y 
Here sgn(er/) denotes the sign of the sub-permutation 
fermionic operators. If Y k is a fermionic operator for 
k G {1..7J/}, then erf is defined as the map between 
the ordered sequences (a(k)) k L 1 and (a(k)) 7 ordered ac- 
cording to k and er{k), respectively. For T, we require 
to-(i) < • • • < tcr(n)- In the Heisenbcrg picture, it is con- 



venient to define operators 

A H (t) = fefo ATe- /<f i6 ^ dt ' . 



(3) 



For practical applications of CTP like Feynman diagrams 
one is forced to define generalized averages [12] , without 
referring to a particular detection scheme, constituting 
the family of Green functions, 

(j[x k (t k )\ = Trpf J] X kH (t k )T J] X kH (t k ) . 

\ k I q p k<q k>q 

(4) 

Already at this point, it convenient to define the Keldysh 
contour [H] [S] , where the time variable flows first from 
to some final time to ( n ot necessarily infinite) and then 
goes backwards. In the complex plane, one can think of 
a (smooth) mapping s — > t(s), where s is a strictly real 
variable (s € [0, 2to\) with t(s < to) = s + ie, t(s > to) = 
2to — s — ie, such that the two branches are connected 
smoothly at to and e4 + , see Fig. [T] . 

We introduce Keldysh ordering Tk defined as ([2| but 



with . 



V(i) 



> 



> s. 



<r(n) 



It combines both T (for s < to) 



and T (for s > to). We can write now 



(T[X k (t k )\ =TrpT K l[x kH (t(s k )), (5) 

\ k I qp k 

with s k ^ to for k *s q, so that t k = t(s k ) lies infinitesi- 
mally above/below the real axis. More generally, we can 
define the generating functional 

e six\ = l e T, h J K iXh{t)X k (t)dU 

= T Y pT K e^^K^ k (t)x kH (t)dt (g) 
= TTpr K e^ ldt {T. k x^t)x k -H{t)) 

Here elt = (dt/ds)ds and the integration runs over 
the whole Keldysh contour (denoted by subscript K), 
parametrized by the real parameter s. The averages ^ 
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are given by derivatives of the generating functional, 



n **(**)) =n 



n 



iS 



g,p 



k<q 



-iS 



$Xk(tk) Sxk(tk) 



,S[x\ 



(7) 

After taking Keldysh ordering in ([6|, the information 
which Keldysh part x(^fc) belongs to is encoded in the 
sign of the imaginary part of t^. It is important that the 
averages do not depend on the turning time to as long 
as it is later than all the (real parts of ) arguments in 
the average. The Keldysh contour is also very useful in 
the interaction picture, where H (t) = Hq + Hj(t) with 
the noninteracting part Hq. In analogy to Heisenberg 
operators ([3]), we define interaction picture 



x (t) 



itH j> —itH 
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We can rewrite the generating functional in the form 



,S{x] 



TrpTR-e 



Ik idt(j2 k Xk(t)X k0 (t)-H 10 (t)) 



(9) 



where both Ako and Hjq are defined by (|8j) . The formula 
([9]) is very practical if the initial state can be expressed 
in terms of eigenstates of Hq as we can use perturbative 
methods to evaluate the desired Green functions. 

It is often convenient to introduce four superoperators 
A, including the classical (Keldysh) and the quantum 
superoperator, 



A+p = Ap, 
A~p = pA, 

A c = (I+ + i-)/2 = {i,-}/2, 

A q = A+ -A~ = [A,-], 



(10) 



where [A, B] = AB — BA denotes the commutator and 
{A, B} = AB + BA the anticommutator. The superoper- 
ators are linear transformations on operators, XO = O' . 
It is straightforward to generalize the Hamiltonian pic- 
ture to superoperators, with Heisenberg equation 

A H (t) = feti t/{q ^ dt 'ATe-fo^ q (t')dt'. (11) 

We define averages similarly to §5§, 
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where x — +, — ,c, q. Let us denote the two branches 
of Keldysh contour by t± = t ± it. The averages ( 12 ) 
can be obtained from |5| by identifying X ± (t) — X(t±) 1 
X c = (X + +X~)/2 and X q = X + — X~ . An important 
property of X q (i) is that if its time argument is the latest 
time with respect to other quantities then the average 
vanishes, 



X"(t r . 



0. 



(13) 



which follows from the cyclic property of the trace. 

The initial state p is usually not arbitrary but derived 
from basic assumptions: stationarity, energy conserva- 
tion, boundary conditions and other conservation laws. 
If the state is stationary then [H, p] — 0. In equilibrium, 
the generally assumed structure is 



/Socexp —j3{H - pqQ) 



(14) 



where f3 = 1/kgT is the inverse temperature and Q 
is some conserved quantity (e.g. total charge, lepton 
or baryon number, depending on Lagrangian structure), 
[Q, H] = and p,Q is the appropriate Lagrange multi- 
plier. Every conserved quantity can be incorporated into 
the definition of the Hamiltonian, H — > H — pgQ. Other 
stationary, but not equilibrium states may differ from 
( [14] ) but they need a careful discussion of boundary con- 
ditions. In most applications one can think of initial 



thermal state (14), which is driven out from equilibrium 



by external forces, added via H\(t), and one is interested 
in the response. Below, we assume ( 14 ) with /iq = (or 
equivalently Q is incorporated into H). 

Already from ( 14 ) it is clear that j3 can be under- 



stood as imaginary time. As suggested by Kadanoff and 
Baym [7], we extend the Keldysh contour to the smooth 
closed time path (CTP) in the complex plane of times, 
parametrized by real s € [s$, Sf] —¥ t(s) with 

lm(dt/ds) < 0, (15) 
t{sf)=t( Si )-il3, 

Imf->0 + and Redt/ds > for s e [s + ,s ], 
Imt — > 0_ and Redt/ds < for s € [sq, s_], 
t(s±) = 0±,t(s o ) = t . 

Here s, < s + < sq < s_ < Sf. The first condition is 
connected with the fact that usually H is bounded from 
below but not from above and we have to escape possible 
infinities. There is still an infinite freedom of possible 
choices of the path [10l [T5l [33j [34] . One of possible paths 
is depicted in Fig. [2] 

We define 7c by simple extending Tk to the whole 
CTP. The averages ([l2|) can be written in the form 



TrTce-fc idt (^k Xk{t)x k -H(t)) 



(16) 



where the subscript C denotes integration over the CTP. 
To facilitate an easier notation throughout the paper we 
define Heaviside and Dirac functions for complex time 
arguments t, 

6{t - t') = 6(s - s'), 5(t - t') = 5(s - s')/(dt/ds) 
d t = {dt/ds)- l d s , dt = (dt/ds)ds (17) 

where as usual 6(s — s') = 1 for s > s' and otherwise 
while / dsS(s - s') = 1 and 6(s - s') = for s ^ s' . This 
is important since only s is the real, ordering parameter, 
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FIG. 2: The closed time path in the complex time plane. In 
the positive real part half-plane it is just the Keldysh contour 
from Fig. [T] The new parts lie in the negative real part half- 
plane and are connected smoothly to the Keldysh contour. 
All the path cannot go upwards in the imaginary direction. 
The finite temperature implies the jump i/3, which extends 
to infinity at zero temperature. Apart from the above condi- 
tions, the shape of the path is arbitrary. We stress that the 
path is ordered by the real parameter s. All the important 
times have been marked. 



while t is complex and thus has no natural ordering. Note 
that in all contour time-integrals we essentially integrate 
over s. Performing a Taylor expansion of exponentials 



in ( 16 ) one can explicitly check that the result does not 



depend on a particular shape of CTP |26j . as long as ( 15 ) 
is satisfied and to is greater than all interesting times. 
In such a check it is important to note that H is time- 
independent along the wiggly part of the contour, so the 
ordering does not matter there. On the other hand ( 16 ) 



is useful also for deriving the thermodynamic functions 
and transport coefficients, e.g. the Kubo formula |35j . In 
the interaction picture, we have to extend the definition 
([8| to arbitrary complex times. Then 

e Slx] = - ° , ... ,-, , (18) 



where po oc exp(— (3Ha). The remaining calculations are 
usually performed perturbatively, with the help of the 
free two-point Green's functions and Wick's theorem [SHI 
137] . which allows a decoupling of the free many-point 
Green functions into products of two-point functions, see 
Appendix A. 



III. PATH INTEGRALS AND LAGRANGIAN 

The Hamiltonian approach works as long as we do 
not care about relativity, because the Hamiltonian dis- 
tinguishes a fixed reference frame. However, we would 
like to have a fully relativistic formalism. The way out is 
to turn to a Lagrangian, which leads to the path integral 
formulation of quantum field theory [3, 38 > 39 . Here we 
adopt this well-known formulation to the CTP formalism. 
Although quite straightforward, it is very instructive to 
recall it in Appendix B(a-b), to see that CTP barely af- 
fects the path integral formalism. The only important 
point is that the time is complex, see (17). 



It is convenient to formulate the generating functional 
for CTP averages with respect to the action, making use 
of the Lagrangian approach, namely 



n 



k I I 

5 TT 5 



n 



,, Sixk(t k ) A 1 6ir]i(ti) 



(19) 



X=Q,r)=0 



where 

„S[x,V] 



J DAD0 etc ldt ( L +T, k (xk(t)A k (t)+ Vk (t)<j> k (t)) 
J DADcj) eSc ldt L 



(20) 

with auxiliary c-field \ an d Grassmann field rj. In the 
above, A and <fi are generic bosonic and fermionic (Grass- 
mann) fields, respectively, and the Lagrangian is a time- 
local function of fields and their time derivatives, namely 
L = L[A,A,<j>,j>]. 

The path-integral formulation of CTP is fully consis- 
tent with Wick theorem, charge conservation laws and 
renormalization, see Appendix B(c),(d) and (e), respec- 
tively, for details. 



A. Contour shape independence 

The fact that we can freely wiggle the contour is rea- 
sonably believed for CTP [ffl QH GH 133 , but a direct 
proof is very instructive [26]. Let us prove that (20) is 



independent of a particular shape of CTP, because the 
proof of Lorentz invariance will be analogous. It follows 
from the invariance of DA and Dip under infinitesimal 
transformation 5t(s) parametrized by real s (the varia- 
tion may change endpoints but the jump must be kept 
constant) 



A(t) -> e stdt A{t) = A(t) 
<j>{t) -> e St9 ^(t) = <j>(t) 4 



h 8td t A{t) + . . 
5td t <j){t) + ... 



(21) 



which gives L(t + St) = exp(Stdt)L(t). This means that 
the effect of the contour changes can be absorbed into a 
shift under time integral and a such it disappears (anal- 
ogously to an integral over a total derivative). We stress 
that this proof is valid only if do not change the shape 
of the Keldysh part of the contour, except shifting to if 
it lies beyond all relevant times. It is essential that the 
fields are smooth. 

An alternative, more explicit proof relies on perturba- 
tive approach. One starts with Gaussian, diagonalized 
Lagrangian 



A* k (id t - E k )A k + Bl/2 - E 2 k B 2 k /2) 



(22) 



In the above, we have denoted complex if} instead of real 
<t> and distinguished linear time-derivative bosonic field 
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A from quadratic B. The two-point Green function for 
B reads 



_ ±i\t'-t\E k 



(23) 



in the contour. Below, we show that the Green function 
in zero-temperature vacuum are indeed invariant under 
continuous Lorentz transformations in Lorentz-invariant 
field theories but not necessarily under time reversal. 



where \t' - t\ = (t - t')0(t - t') + (f - t)6(tf - t). For A 
we get ( |A.4[ ) and for ip - ( |A.5 l. 

If we add interaction term, L = Lq + Lj, and L] 
depends on fields appearing in Lq, the generating func- 
tion ( [20| - by virtue of Wick theorem - will be a sum 
of integrals represented by Feynmann diagrams, with 
lines (propagators) corresponding to free Green functions 
(A.4|, (A. 5) and (23) and vertices corresponding to Lj. 
Suppose that t(s) is varied by infinitesimal St. Let us 
consider the variation of Green functions. Note that 

S(X(t)X*(t')) = (6td t + St'dr) (X(t)X*(t')) (24) 

where X — A,B,tJj. The free Green function depends 
only on endpoint times t,t', not the shape of CTP be- 
tween them. 

Now, each diagram corresponds to average of the type 



j <fti n M*n) n ) ' 

J ° \n<N k>N I n 



(25) 



where X = if>, A, B and t k lie in the fixed (Keldysh) part 
of the contour for k > N. So we get 



J c dt 1 ---dt N (YlL I (t n )Y[x k (t k )^ = (26) 
dsi ■ ■ ■ dsjy 

m<N 

st n n n Xk ^ 



d_ 

DSrr 



k>N 



where we used Wick-decoupling into products of free 
Green functions, Leibniz rule 8(AB) = B5A + ASB, 
Sdt = dSt = dsd s St, (24), inverse Leibniz rule applied to 



d s and back Wick-coupling. The final result of the shape 
variation integral is zero, which completes the proof. 



IV. LORENTZ INVARIANCE 

It is natural to expect that Green functions are in- 
variant under relativistic Lorentz transformations at zero 
temperature if the Lagrangian is Lorentz-invariant. Such 
a situation should occur for vacuum state in quantum 
electrodynamics and generally Standard Model. How- 
ever, starting from CTP makes it not obvious because 
the contour prefers some time direction. Intuitively, we 
expect that this should not bring about any problem but 
the warning light comes already from the non-invariance 
due to finite temperatures, which enters only as a jump 



A. Relativistic notation in CTP 

Let us briefly recall relativistic notation. The com- 
ponents of position four- vector are denoted x^, [i = 
0, 1, 2, 3, with time x° = t and three spatial coordinates 
x k , k — 1,2,3. Fields, functions of position will be de- 
noted as fix) where x = (x ). The derivatives 
are denoted by = d/dx^. From now on, Greek indices 
are reserved for four-vectors and higher Lorentz-like ten- 
sors and structures. It is extremely important for the 
purpose of this paper, that the time x°(s) is here a com- 
plex function of the real parameter s. In particular time 
derivative do is translated into the real derivative d s by 



do = {dx Q /ds)- 1 d/ds 



(27) 



Similarly, we introduce Dirac four-delta, including com- 
plex time, 



5\x 



5{s 



dx°/ds 



-Six 1 - x n )S(x 2 - x' 2 )S(x 3 - x' 3 ). 

(28) 

and four-integral J c d 4 x with d A x = dx°dx 1 dx 2 dx 3 and 
dx° = (dt/ds)ds. For a compact notation of relative four 
position including the complex time component of the 
fourvector on CTP we will denote \x — x'\^ with \x — 
x'l 1 * 2 ' 3 = (x-x') 1 ' 2 ' 3 but 

\x - x'\° = 8ix° - z' )^ - x'°) + 9ix'° - x°)ix'° - x°), 



where 9(x° - x'°) = 9{s 



(29) 

s') applies to complex x° and 



x m along CTP. 

The rest of conventions, including Lorentz genera- 
tors J, spinors and Lagrangian density C (becomes La- 
grangian L when space-integrated) are consistent with 
textbooks (TJ [351 SI] > which we recall in Appendix C for 
completeness. 

The essential part of QFT is that the Lagrangian den- 
sity is a Lorentz-invariant. It means that the generating 
functional ( 20 1 can be written now as 



e Slx,S,v) a J DADBD^D^j exp J id A x x (30) 

{^C + ^2ixkA k + £ k - B k + fj k ip k + ipk-qk)^ 

where all fields are functions of spacetime, e.g. r) k (x) with 
complex time x = t, L transforms as a scalar field and 
normalization imposes constraint 5[0, 0, 0] = 0. Here A k 
denotes Lorentz scalars and B^ - fourvectors with the dot 
• denoting Minkowski scalar product. In our convention, 
assuming that £ is a scalar we also assumed that average 



G 




FIG. 3: Zero-temperature CTP. The boundary times U and 
tf are sent to imaginary infinity, ioo and —ioo, respectively. 



and D(Atp) = Dtp. All the exponent in the generating 
functional p0| is a Lorentz scalar so the above reasoning 
remains valid. We write 



DADBD^D^ exp / i<fx I C[A, B, ip] + (33) 



^(AxfeAfc + A£ fe • B k + Arj k ip k + ^kArj k ) 



D(AA)D(AB)D(Aip)D(Aip)exp / id 4 x x 

c 



\£[AA,AB,Aip] + 



charge densities are zero. The first Minkowski coordinate V (AxfeA* + A£ fe • B k + Afj k Aip k + Atp k Ar] k ) 

(time) has the jump — ^ 



= i/3 



We stress that the conservation law (B.22) extends in 



a straightforward way to the relativistic case, known as 
Ward-Takahashi identity [38] 



ngJV 



(31) 



The great advantage of Lagrangian and path integral 
formalism is that it seems to be perfectly Lorentz in- 
variant at first sight. However, the possible caveats are 
hidden in the shape of CTP, which is bent into imaginary 
time but not spatial coordinates. The common sense in- 
tuition tells us that the Lorentz invariance must be bro- 
ken by finite temperatures, which essentially dictate the 
contour jump. Moreover, even at zero temperature, the 
contour retains preferred time direction so Lorentz in- 
variance is not manifest and self-evident. 



B. Formal proof of invariance 



We shall now present a brief formal proof of Lorentz in- 



variance of vacuum generating function ( 30 ) at zero tem- 
perature ksT = or ft = +oo. Note that zero tempera- 
ture makes the jump on CTP between ti and tf infinite. 
Due to the freedom of choice of the shape, we assume 
the contour in Fig. [2] with ti — > ioo and tf — » —ioo, 
see Fig. [3] Applying a boost A to the fields A — > AA, 
B — > AB, ip Alp we have the complex-time invariance 
of Lagrangian 

J d A xL[A,B,tP]^ J d 4 x£(AA,AB,Aip) — (32) 

f d 4 xA a C[A,B,iP] = [ d i (A'x)C[A,B,ip] 
Jc Jc 

d i xC[A,B,iP] 

where we have used the fact that both the measure d x 
and the integration boundary is invariant under Lorentz 
transformations. Moreover D(AA) = DA, D{AB) = DB 



J DADBDipDip exp J id^x x 

^C[A, B, ip] + Y^(xkA k + & • B k + fj k ip k + ipkVk)) , 

which proves the invariance. However, we had to assume 
that A acts on functions of complex arguments, not just 
real domain, as time is complex. To be correct we should 
work only in the real domain (s, x , x 2 , x 3 ) and define A 
by Taylor expansion of generator exponential 



oo 

A = e^- 7 *" =V -(*w |t „J'"') B 

' ' 77. 



(34) 



71=0 



We noticed an analogy between the above proof and the 
Bohr- van Leeuwen theorem that states that mag- 
netization is absent in classical statistical physics. That 
theorem is proved by erasing the effect of magnetic vector 
potential by a shift in momentum space. Here we erase 
the effect of a Lorentz boost by a complex transformation 
of fields. 

The above proof, although formally correct, is hardly 
acceptable because ones uses ill-defined mathematical op- 
erations. The vague issues are: 

• Lorentz transformations are analytically continued 
to complex spacetime. 

• We ignored possible problems for x° — > ±zoo. 

• Convergence and renormalization is not discussed. 

To give more insight to the proof, dispel possible ob- 
jections and make it robust, we will now reformulate it 
in terms of perturbative diagrams showing that each di- 
agram separately is Lorentz invariant. 



C. Free theories 

We shall first prove Lorentz invariance of vacuum zero- 
temperature Green functions in free theories, where they 
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can be found exactly. The Lagrangian density for free 
scalar theory reads 



2C = d fl Ad >1 A-m 2 A 2 , 



(35) 



where m is the mass of the field. The Green function 
(propagator) satisfies Klein-Gordon equation 



{d^ + m 2 )(A(x)A(x')) = -iS 4 (x - x'), 



(36) 



where d acts on x (we shall write & if acting on x'). The 
solution reads 



G (x,x') = (A(x)A(x')) = 
d 3 p x - e ±i P "|x-x'U 
2p 0( 27r )3 i _ e ±^o 



(37) 



where p M is the four momentum with p° = ^/p 2 + m 2 . 
For the Dirac field, 

C = X(i^d^ - m)X (38) 

we have 

{-i^d^+m) bc {X c {x)X a (x')) - -iS ab S\x-x'), (39) 

with the summation over c and m ab = mS ab . Now, we get 
two cases. If X = A (bosonic field, unphysical, usually 
appearing in renormalization) then A(ti) = A{tf) but 
if X = ip (fermionic field) then — ~ V^/)- The 

general solution reads 

(X a (x)X b (x')) = {i-fd^ + m) ab G x (x, x% (40) 

where 



G$(x,x') = G (x,x'), 

/-tip! I\ f dp 

"0 l 2 -' x ) 



(41) 



±ip*\x— x'\n 



2p°(2tt) 3 ^ 1 + e 



For vector fields the internal Lorentz structure is 
added by (B»{x)B h V))o = ag^ v G (x,x'). Possible 
problems occur for expressions of the type d^O^Go be- 
cause the derivative produces unphysical contact terms 
~ 6{x° - x /0 ) 41] . Fortunately, they appear always in 
pairs with a renormalization field, which cancels the sin- 
gularity. 

Nonzero temperature /3 < oo will break Lorentz invari- 
ance, which means that there is a fourvector related to 
temperature. There is no unique choice. One can define 
P» H2 E2] with p° = p and /3 fe = 0, k = 1,2,3 in a 
particular reference frame. However, good alternatives 
are fefiF = ^ / f3 ■ /3 or = P^/y/J^0, see also a gen- 
eral discussion [33]. However, one has to remember that 
the zero temperature limit means infinitely timelike (3^. 
The zero four- vector /3 limit, when Lorentz invariancc 
might be obvious, corresponds unfortunately to infinite 
temperature so this is not what we are looking for. 



In the zero-temperature limit (3 — > +oo, (37 1 and (41) 
take the form 



Gt(x,x')=G (x,x') 



Applying Lorentz generator 



d 3 p 



2p°(27r) 3 



-ip>*\x— x'\f, 



(42) 



Jo — Jox + Jo 



J 0x 



i{x»d u - x v d») (43) 



acting on x and x' by Jq x and Jq x >, respectively, one 
can check explicitly (a lengthy textbook exercise) that 
JG = (so AG = G) when applied to (42 1, so the free 
theory is indeed Lorentz invariant (there are no addi- 
tional problems with transformation of internal vector or 
spinor structure). Remember that the time derivative in 
J is always taken along the contour, namely with com- 



plex time derivative 8q (27). 



D. Interaction 

The rest of the proof is similar to the shape- 
independence proof. The Green functions 



l[X k (x k ) 



(44) 



are, by virtue of Wick theorem, represented by sums of 
diagrams with external vertices k (not integrated), in- 
ternal vertices (integrated) corresponding to the inter- 
action part of the Lagrangian density Ci and connect- 
ing lines corresponding to free Green functions (37) and 
( 41 ) . We want to show that J vanishes when applied to 
the whole diagram. Suppose that the diagram has fixed 
number N of internal vertices 1..N and K external ones 
N + 1..N + K. then we have to show that 

f d 4 xi ■ . . d 4 x N ^2 J i ( n n x *( x *) ) = °> 

J 1>N \n<N k>N I q 

where X k represent fields whose expectation value define 
the Green function, J m acts on all fields meeting at the 
vertex m. The average is taken with respect to free La- 
grangian denisty C - We decouple J451 into free Green 



functions using Wick theorem and use Leibniz rule. Since 
Lorentz transformations do not affect free Green func- 
tions, we have 



N+K 



e jm ( n n x ^ ) = °- ( 4g ) 



\n<N 



k>N 



Since Ci is a Lorentz scalar we can change J2 n J n 
Jq- Finally, we perform integration 



d A x J^ ■ 



(47) 



over each vertex n < N (x — x n ), which yields only 
boun dary values due to J dt x k do = J ds x h d s , see Eq. 
( C.7 1 . However, free propagators vanish exponentially 



at large distances and, at zero temperature, with x° 
±ioo. Hence (47 1 vanishes along with the left hand side 



of ( 45 ) , which completes the proof. 



This is our main result. The proof has been obtained in 
time-domain, without stretching the real time to infini- 
ties. Note the analogy to contour shape independence. 
The heart of the proof is the fact that analytic continua- 
tion of time does not hurt the generating function. It is 
quite intuitive but never before shown explicitly. 



V. ENERGY-MOMENTUM REPRESENTATION 

It is tempting to ask: Why not to prove Lorentz- 
invariance using simply energy-momentum representa- 
tion [T31 HH US]? This approach seems attractive and 
practical but it has to be supplemented by arguments fol- 
lowing from space-time CTP representation. The main 
problems arise for off-shell Green functions (not describ- 
ing scattering processes) and field mass/strength renor- 
malization. They cannot be resolved without returning 
to space-time representation. 

The energy-momentum representation can be used 
only on the Keldysh part of the contour stretched to 
the whole real axis (to — > +oo and t(s±) — > — oo), tak- 
ing separately its upper and lower branch, as Fourier 
transform is only defined in real axis. The Green func- 
tion gets additional indices to keep track of the branch, 
G uv (x, x') — G(x u , x' v ) where u, v = ± and x%. — x° ± ie, 
e -> + . We have 



G(x,x') = 



d 4 p 



(48) 



where, in the space (+, — ), 

G ± (P)-- 
±2ir5(p 2 ~m 2 )n ± {\p Q \) ( j 



i(p 2 — m 2 + ie) 1 27r5_ (p 2 — m 2 ) 
2ttS + (p 2 ~ m 2 ) —i(p 2 —m 2 — ie)^ 1 



(49) 



where S±(p 2 — m 2 ) = 6(±p°)6(p 2 — m 2 ), the upper in- 
dex +/— denotes bosonic/fermionic field with n ± (q) = 
(eP q =F l)" 1 - We denoted e — > 0+ defined for momenta to 
distinguish it from e defined in space-time. 

In the zero-temperature limit n — > and the free Green 
functions are manifestly Lorentz invariant. The problems 
arise for interactions. Now, the interacting Green func- 
tion takes on renormalization corrections, 



Go++(p) = — 2 ^— ► G++(p) = 

p 2 - — vn + ie 



iZ(p) 



p 2 — M 2 + ie ' 
(50) 

where Z(p) is regular at p 2 = M 2 . The renormalization 
is obtained by summation of Dyson series of self-energy 



U — > (1 + ie)oo 
Si — > — oo 




tf — > (1 — zejoc' 
Sf — > +oo 



FIG. 4: The tilted Keldysh contour which circumvents the 
problem of pole renormalization p 2 ~ m 2 — > M 2 



contributions. However, such step is ill-defined for p 2 = 
M 2 because e dominates in this regime. This can be 
cured by a slight tilt of the real-time contour as in Fig. 
[4] 38J. In fact, the new contour contains the essential 
feature of Fig. [3]- the endpoints in ±ioo. However, for 
G± T the trick with the contour does not help. We are 
forced to simply accept 



S±(p 2 - to 2 ) -> ZS ± {p 2 - M 2 ) 



(51) 



because this part is only defined for p 2 = M 2 . One can 
circumvent the problem by ad hoc defining extrapola- 
tion of G±± to G± T and the p 2 = M 2 case. Another 
argument is the fluctuation dissipation theorem, which 
imposes relations between elements of G [12], or mass 
derivative 33J . However, this is only the case of elemen- 
tary particles like electron and photon. Composed bound 
states like nucleons, atoms and molecules get their renor- 
malization corrections, too, but they cannot be simply 
reduced to a single dressed propagator line. In time do- 
main, bound states do not lead to any problems because 
the poles/deltas in propagators appear only in the infi- 
nite time limit and we do not have to sum infinite series 
of diagrams. 

Further problems may arise from pinch singularities 
which may occur for products of propagators [(p 2 — 



to + ie){p 



m 



■ie) 



Fortunately, a careful analysis 



makes them always cancel |25j . Having the invariance 
of in-out amplitudes, it would be easy to prove Lorentz 
invariance if all the Green functions factorized at zero 
temperature []31[2H] > namely 



n x k ^ ) ) = ( n x * (p*) ) ( n ^ &>* 



(52) 



where fc± denotes fields defined on the 
upper(+) /lower (—) Keldysh branch by the Fourier 
transform X±(p) = J d A x±e %p Xli± . An attempt to prove 
the factorization requires generalization of CTP to the 
contours like that in Fig. [5] with varying a [T^l HH HH] . If 
a — (3/2 then the factorization occurs indeed for j3 —> oo. 
However, not every Green function is cr-independent 
[2"51 23] . From translational invariance the nonvanishing 
Green functions satisfy = 0. The new vertical part 
of the contour gives additional factors e ±crv to each 
propagator from lower to upper Keldysh branch (+) or 
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FIG. 5: The separated upper and lower Keldysh contour FIG - 6: The Particle view of factorization mechanism. The 
branches < a < 8 Green function is cr-independent only if p\ + + pi + + pi + + 

p2++P5+ = Oandpg_+p?_+pg_ =0 



viceversa (— ). These factors cancel only if 

£j>8=I>2 = 0, (53) 
fe+ fc- 

which means that the frequencies/energies of upper and 
lower branch separately add up to zero as seen in Fig. [6] 
This situation is common to scattering processes but not 
in general. 

Having presented above the complications in energy- 
momentum space, we conclude that the proof is fully 
correct in space-time domain, while in the momen- 
tum/Fourier space it would require assuming at best sev- 
eral additional technical rules and may not be general 
(for very complicated diagrams). Still, most of practi- 
cal calculations are easier performed in the latter case, 
with space-time arguments used only when the momen- 
tum rules are ambiguous. 



the only nontrivial extra element. It is remarkable that 
complex time glues statistical mechanics, time evolution 
and Lorentz symmetry without any problems. The fact 
that CTP is invariant only under continuous transforma- 
tions, not time reversal, shows that there the properties 
of CTP still differ from scattering amplitudes. An open 
issue is whether the Lorentz symmetry can be shown non- 
perturbatively (what about spontaneous breaking?) and 
for quantum gravity. 
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A. Absence of time reversal symmetry 

Finally, the momentum representation hides the fact 
that the Lorentz invariance is not necessarily valid for 
time reversal, which is only true for second order corre- 
lations or if the factorization (52 1 holds for higher order 



correlations. Note that the reversal p° — > —p° break the 
time symmetry because of 0(±p ) factors in G± T . Try- 
ing to reverse branches + •H- — does not help either, 
because then G±± gets conjugated, so there is no way 
to restore original Green function. If we both reverse p° 
and make conjugation then we will return to the original 
Green function but the time will be also twice reversed 
which is again not what we wanted to have. The time 
(generally charge-parity-time) symmetry is valid only for 
scattering processes or spacelike separated points. 



Appendix A 

(a). Free Green functions 

The most convenient free Hamiltonian is the quadratic 
form of bosonic and fermionic operators 



H = ^2(bkix k xi + fklMl) 



(A.l) 



kl 



where x and <f> are Hermitian operators with bosonic and 
fermionic commutation relations, respectively, [£k,xi] = 
igkd, {&k,4>i} = hul, with real g and h. 
One can always diagonalize Hq so that 

H = H vac + J2 E ki^lAk+4>Uk) (A.2) 



VI. CONCLUSIONS 

We have shown that the closed time path formalism is 
consistent with Lorentz invariance at zero temperature. 
The presented picture of dual operator-Hamiltonian and 
path-integral-Lagrangian fits well into covariant relativis- 
tic framework with the analytic continuation of time as 



where H vac is the vacuum energy (can be ignored), A 
and tp are linear combinations of x and <f>, respectively, 
with the property 



[A k ,Ai] =0, [A k) Al} = 6 kl , 
{^k,ipi} = 0, {ipkAj} = hi- 



(A.3) 
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It is especially simple and instructive to find Green func- 



tions for the above Hamiltonian, according to (12 1 and 



(16), extended to the whole CTP. In the case of bosonic 



operators, (A(t)) = (A*(t)) = and 

(A k (t)A* l (t')) = S kl e^ t '- t ^ x 
9(t - t') 8(t' - t) ' 



1 - e-P E * 



a/3E k 



1 



(A.4) 



For fermionic operators, it is important that <j> (i/j, 
ip*) is never a c- number but a Grassmann number with 
the property 4> a 4>b = -060a, which follows from anti- 
commutation relations. The anticommutation makes it 
necessary to use different boundary conditions, due to 
Kubo, Martin and Schwinger [35] . imposing the sign re- 
versal on the jump tf — > U, so the Green functions read 
(V(*))o = <^*(*))o=Oand 



*(iM(0)o = 4ie* (t '- t)E ' x 
0(t-t') _ 9(t' - 1) ' 
1 + e-PE* ~ e? E * + 1 



(A.5) 



In both cases, the Green functions satisfy the equation 

S(t-t')6 kl = [d t + iE k ](A k (t)At(t')) 

= [d t + iE k }{MM(t'))o (A.6) 

with different boundary conditions, A(ti) — A(tf) but 

4>{U) = -il>{t t ). 

It is often convenient to introduce the Keldysh space 
for Re t > in analogy to superoperators (flOl). In 



particular x (t) — x(t±), ± (t) = 4>(t±). and simi- 
larly 2x c (t) = x+{t) + x~ (2cj) c (t) = cj) + (t) + <jT(t)) and 
x i(t) = x + (t)-x~{t) ((f) q (t) = (j)+{t)-(j)-(t)). From Q 
it follows that 



xi(t)x l (t')) = (^ k m(t'))o=o 



(A.7) 



for Ret' < t. The general structure of Keldysh Green 
functions reads 

(4(*K(0>o = <€(*K (0)0 = 0, 

(A c k (t)Al*(t')) = e^'^/2tanh^E k /2), 
(AUt)Al*(t')) = {r k Wnt')) (A.8) 

(A«(t)Ar(f)) = «(*)v?(o>o 

= _ e i{t'-t)E k Q^ _ t y 

In the above equations t is the ordinary variable (we 
forget temporarily about s) and 9 is the usual Heavi- 
side function. Note that the last two equations indicate 
causality - q-variables influence the future but not the 
past. 



(b). Wick theorem 

The many-point Green functions are obtained from 
Wick theorem [37]. For products of odd number 
of operators, Green function vanishes while for the even 
number 2n, 



in 



W X k (tk 



\fc=i 



1 - 

^ J! W( X <?C2k-l){ta(2k-l))x<j(2k){ta(2k)))0i 



l\2 



a k=l 




(A.9) 



n\2 T 



^ JJ(^<T(2fc-l)(*<r(2fc-l))^<r(2fc)(*<7(2fe)))o 



a k=l 



The Wick theorem states essentially that every many- 
point Green function for a quadratic Hamiltonian splits 
into products of two-point functions. This fact is anal- 
ogous to the property of Fourier transforms of Gaussian 
functions, which are again Gaussian. We will return to 
this interpretation in Appendix B(c). Wick theorem is 
useful for interactions - one proceeds perturbatively, ex- 
panding (18) in interaction strength. 



Appendix B 
(a). Bosonic fields 

Let us begin with the Lagrangian 

L(q, q, i) = J2(m k ql/2 + f k {q)q k ) ~ g{q) (B.l) 
k 

for generalized coordinates q and q — dq/dt. The classi- 
cal Hamiltonian is obtained by Legendre transformation, 
defining momenta, 

Pk = dL/dq k = m k q k + f k (q) (B.2) 

so that the Hamiltonian reads 

H(q,p) = Y^PkQk -L = J2(Pk - fk(q)) 2 /2m k +g{q). 

k k 

(B-3) 

We assume quantum evolution of the wavefunction ^(q) 
given by the path integral 

¥(g,t)= [" * DqeS lL ^ dt ^(q\Q), (B.4) 

Jq(0)=q' 

where Dq includes all necessary normalization factors. 
To find the operator form of the Hamiltonian, we expand 
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the above equation for small times, 

rq{t)=q 



(l-9(q)t + Y,J o idt'q k (t')f k (q) 

- / dt'q k (t')^ +T I dt'dt"q k {t')qi{t") (B.5) 

JO a 1k ,, Jo 



J2j*idt'q k (t')£ dt" qi {t") d -^- 



*(g,o). 



The ignored terms are of the order ~ t 2 . We now use the 
fact that 



Dqe^ ldt '^ m ^ t ')/ 2 qk (t') = 0, 

Dq e! ldt ' ^« mk ^ {t ' )/2 q k {t') qi {t") (B.6) 



-5 k iS(t' - 1"), 



which gives 



(¥(?,*) -*(ff,0))/it= \-g(q) + J2 — 
V k mk 



X (B.7) 



^-A(^-/^)/2-^P))^0). 



V20# 



dq k 



28q k 



Let us shortly comment the last term in bracket. It has 
been obtained by assuming 9(t)5(t) —> S(t)/2 or sym- 
metrizing the last integral in (B.5) [39 . However, in 
the fundamental theories, like quantum electrodynamics, 
weak, strong interactions and generally Standard Model 
this term is absent. It follows from the fact that the even 
the most dangerous terms, due to non-Abelian gauge 
fields, have df k /dq k — 0. Nevertheless, this indicates 
potential problems for completely general Lagrangians, 
especially for gravity. 
Finally, we get 



where 



H = J2(Pk~f k (q)) 2 /2m k +g( q ), 



Vk 



idq k 



(B. 



, (B.9) 



which proves the equivalence between bosonic path in- 
tegrals and Hamiltonian picture, with the commutation 
rule [q k ,pi] = i6 kt . 



(b). Fermionic fields 

Fermionic path integrals are more complicated due to 
anticommutation rules. We have to define abstract anti- 
commuting Grassmann numbers, 4> k , with the property 
ffikfy — —4>i4>k and the integrals, 



dcf> k =0, I dfofo = l, (B.10) 
# 1 ---^ n ^---0 1 = l. (B.ll) 



One can check that 



J D<P*Dcj)e- S« 4l F k<-<t>i = det F, (B.12) 
D(f)*D(f>e~^^ Fkl 



Here <j) = 4>r + i&i an d <f>* = 4>r — i^i ar e independent 
fields and dcf>*d(j) — idcf>id(j) r /2. 

Let us now take an abstract Lagrangian 



F (ip,ip,t) = ^Vfe(#fe - E k ip k ). 



(B.13) 



According to the classical rule we can construct an ab- 
stract Hamiltonian 

#o = y^p k ip k - l q = y~] E k TT k ^ k (B.i4) 



for 



Fit 

« k =ei = W, (B.i5) 

In the continuous case for CTP, 

/ Di>*Dij)e£n /c idt ^ l9 t- E ^ip k (t)ip* (f) 



J Dlp*Dlpe'£»fc idt */'n( id t-En)lpn 



(B.16) 



5 k ,e^'-^ 



9(t-f) 



e(f - 1) 



l + e -E k /k B T e E k /k B T + i 



which is the equivalent to (A. 5). The equivalence be- 



tween bosonic-fermionic path integrals and Hamiltonian 
operator can be now easily extended to general family of 
Lagrangians of the type 

L = Y,( m k<il/ 2 + <ikfk(q,yj)+i^lip k )-g(q^), (B.17) 
k 

where f k (q, ip) an d g{q, VO are real- valued and even in ip, 
and Hamiltonian 

H = - fk(q, ^)) 2 /2m k + g(q, (B.18) 



with commutation relations [pfc,gz] = i and {ip k ,ip*} = 
8 k i . We emphasize however that the equivalence does not 
generalize to completely arbitrary Lagrangians, contain- 
ing higher powers of time derivatives, e.g. q A or ip 2 . 
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(c). Wick theorem 

The Wick theorem (Appendix A(b)) is now a straight- 
forward consequence of Gaussian integrals 



DqD<pe 



- I2ki(ik9kiqi-<t>kbkicl>i)/2+T,k(xk<i>*+ T ik<i>k) 



q£ gt-<kl^A-ky k l A.( 'lk' J kl 



(B.19) 



where g and b are real symmetric and antisymmetric ma- 
trices, respectively, while g~ l and 6 _1 are their inverses. 



(d). Conservation laws 

As noticed already by Kadanoff and Baym, the CTP 
technique maintains classical conservation laws. Suppose 



that the fermionic terms in Lagrangian (B.17) appear in 
separate sets, 



L = ^2 4>n id t*Pn + Li, 



(B.20) 



where Lj is built from bosonic field and fermionic 
quadratic forms 



(B.21) 



N n,n'eN 



Sets N form a family of disjoint sets and Lj may con- 
tains arbitrary products and sums of ( |B.21 1 for different 
Ns together with bosonic fields. It is however forbidden 
to include terms like ip^/ipk' where k and k' belong to dif- 
ferent sets N and N' , respectively. Each set N defines 
one conserved quantity, Qjy(t) = J2 n eN V^WV'n(i)- The 
conservation law states that 



(d t Q N (t)---) = 0, 



(B.22) 



when averaging with the path integral (20). To prove 
(B.22 1 we make the transformation ip n (t) = e ta ^ip' n (t), 



for real a with boundary condition = ot(tf). As the 
transformation is linear, Dip* Dip = Dip'* Dip' and 

D ADip* Dip e$ c idt L = DADiP* Dip e So idt (Ht)-QNd t a) 
= D 'ADip* 'Dip e$c ldt (L(t)+ a d t Q N ) (B.23) 

where we performed integration by parts with respect to 
time in the last line. Taking the above equation inte- 
grated with arbitrary Qjv-conserving field function and 
preforming the functional derivative 



6/Sa(t)\ a=0 



(B.24) 



we obtain (B.22). The Q /^-conserving functions must be 



built of Hermitian forms of type (B.21) so that they are 
invariant under ip — > tp . We could certainly repeat the 
proof perturbatively, as we did to prove shape indepen- 
dence (some issues are resolved by renormalization). 



(e). Hubbard-Stratonovich transformation and 
renormalization 

Here we discuss the two techinques often used in con- 
text of path integrals. The Hubbard-Stratonovich trans- 
formation |45j allows to reduce order of terms in path 
integral by an auxiliary bosonic field X(t), 



e fidtY 2 (t)/4:a ^ 



DXe 



J idt(^aX(i)Y(t)~X 2 (t)) 



(B.25) 



Note that yfa is imaginary if a < and in this case 
X does not correspond to any physical field although 
path integrals can be still performed. The renormal- 
ization is used to kill divergences appearing in quantum 
field theory pQ. It requires introducing unphysical fields, 
too. The most common form of renormalizing terms in 
Largangian is 



Lr — f(Xk,iX m ) 



(B.26) 



where X rn is the unphysical field as it appears with i. 
Both techniques are fully consistent with CTP formal- 
ism. For details of these techniques we refer readers to 
textbooks [U EH HQ- 



Appendix C 

For general multi-indexed relativistic structures we 
adopt Einstein convention A ■ B = A^B^ — 
J2fj,=o i 2 3 A^B^ and A 2 = A - A. We denote Minkowski 
metric tensor g^ v — g^ v equal +1 for fi = v = 0, — 1 
for fj, = v = 1,2,3 and otherwise. Next, g is used to 
lower/raise index, A^ — g iiV A v , A^ — g^ v A v . In this 
notation g£ = 5£ is equal +1 ii fi = v and other- 
wise and A = A while A 1 ' 2 ' 3 = -A ia ,3- The four- 
vector measure is denoted d 4 x = dx° dx 1 dx 2 dx 3 . We ex- 
tract the usual three-vectors x = (x 1 , x 2 , x 3 ), its square 
x 2 = (x 1 ) 2 + (x 2 ) 2 + (x 3 ) 3 and measure d 3 x — dx 1 dx 2 dx 3 . 
The natural Lorentz transformation is defined on four- 
vectors, 



A'" = A'»„A V . 



(C.l) 



The transformation must satisfy conservation of metric 
tensor 



9 



^ = A'^ a A' u p g a P 



(C.2) 



In general, the continuous Lorentz transformation can be 
written in the form 

A = exp(-iuv J"72) (C.3) 

where J is the generator of the Lorentz group, satisfying 

[Jf", J a/3 ] = i{g va J^ - g^J"? - g^J" a + g^ J va ) 

(C.4) 
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which yields J Miy = — J 1 '' 1 . The generator for (C.l) reads 

(J / n% = iOr , ^-«) (C5) 
For the scalar field 



A A(x) = AiA'^x) 
with the corresponding generator 



jUV 

J 



i{x"d u - x v d») 



(C.6) 



(C.7) 



If the field has vector structure, e.g. A^{x) then the 
generator reads J' + Jo, acting both on argument x and 
four- vector (indices fj,). The scalar fields are examples 
of the general family of Lorentz scalars, combinations of 
fields that transform according to A . Other examples 
are A»(x)B^(x), A(x)d t ,B' 1 {x) and d^Ad^B and their 
combinations (products, sums, multi- indexed forms). In 
general, if all spacetime indices (/i) appear in pairs, then 
we have a Lorentz scalar. 

Apart from continuous transformations there exist two 
special discrete transformations, time reversal x° — > —x° 



and parity (mirror) inversion x 



k = 1,2,3. 



One can also make charge conjugation e — > — e (the in- 
teraction strength). The proof of Lorentz invariance of 
zero temperature vacuum will be valid only for contin- 
uous transformations. If Lagrangian is invariant with 
respect to parity inversion or charge conjugation then we 
can include it, too (which is e.g. not the case for weak 
interactions) . 

Fermionic fields are represented by four-component 
spinors ip a , a = 1,2,3,4, which have nothing to do with 
four-vectors. To define corresponding Lorentz transfor- 
mations, we first denote Dirac 4x4 matrices, 7 P , with 
the property 



and 7° 
generator reads, 



7 ot ; y= 



{ 7 »,Y} = 2g^ (C.8) 
= -/'t, k = 1,2,3. The Lorentz 



J?" = ^,71/4. (C.9) 
The Dirac matrices transform as four- vectors, 

a s - Va. = A'jy. (c.io) 

The conjugate spinor, ip^ transforms as i/ 7 Aj- Unfortu- 
nately, J s is not Hermitian and A\A S ^ 1 but At 7 °A s = 
7o or J^7° = -f°J^. Therefore we denote -0 = 7/^7° 
and 00 1S again a Lorentz scalar as well as A^-t/jj^ifj, 
^l^d^ij) and so on. General rules to construct a Lorentz 
scalar are: 



• a product /sum of Lorentz scalars is a Lorentz 
scalar, 

• and A are Lorentz scalars, 

• ■0 7 l/ and A v and d v A are Lorentz vectors, 

• ■0 7 l '7 M and d^A" are Lorentz tensors, etc., 

• A product of Lorentz vectors (tensors) is a 
Lorentz scalar if the Greek indices always come in 
raised/lowered pairs £ and Einstein summation is 
performed. 

Instead of Lagrangian, in relativistic spacetime we will 
rather use its density C with the property 



L = d 3 x £, 



(Gil) 



where d 3 x = dx 1 dx 2 dx 3 is the three dimensional volume 
measure. It allows to write action in the spacetime 



dt L = d 4 xC 



(C.12) 



Every Lorentz transformation A conserves measure 
A(d 4 x) = d 4 x. 

In the Lagrangian density (and other functionals) one 
can find every kind of combination of fields, A(x), B^(x) 1 
-0, etc. The Lagrangian will be Lorentz-invariant if its 
density transforms as Lorentz scalar 

C(AA,AB,At/;) = A C(A,B,i/;) (C.13) 

the generic form of such Lagrangian reads 

C = J2( a li^ird^i + al^A^Ai) 

kl 

+a 2 kl (d^)(d u Bn + aUd,BZ){d»B vl ) + (C.14) 
+4i A kAi + alffiB,,! + al^i + a^B^AA 



klm 



O-UmO^Aklpa^lpra) 



klrnn 



B l B ^B v k B lv + 



When considering weak interactions, one should in- 
clude also pseudoscalars V'fc7 5 V'ii A^tpk'Y J^ipi where 
7° = i7°7 1 7 2 7 3 , which transforms as scalar under con- 
tinuous transformations but changes sign under parity 
inversion. 
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